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MATRIX DISPLACEMENT SOLUTION TO
ELASTICA PROBLEMS OF BEAMS AND FRAMES

T. Y. YANG

Purdue University, W. Lafayette, Indiana

Abstract~A matrix displacement approach is developed for the analysis of elastica problems of beams and
frames. The displacements considered are not small in comparison with the length of the beam member. The
nonlinear path is predicted by the combination use of a midpoint tangent incremental approach and coordinate.
transformation at every step. The formulation and procedure are simple and easy to apply. Application to a
variety of examples of beams and frames shows that the approach is general and the results are reasonable.

NOTATION

EI
Fx ' Fy

[k]
L
M
S
U, t'

u~ v
x,y
x,y
IX

~

e
;',/1

[ITo]
{ 1
[ ]

bending rigidity of the beam
nodal forces in the x and y directions, respectively
element stiffness matrix
length of the beam finite element
bending moment at the nodal point
axial force along the local x direction
displacement components in the x and y directions, respectively
displacement components in the xand ,r directions, respectively
reference or system coordinates
local coordinates for each beam finite element
angle of orientation of the beam finite element
incremental operator
angle of rotation at the nodal point
direction sines and cosines of the beam finite element
Poisson's ratio
element incremental stiffness or initilll stress matrix
column matrix
rectangular matrix

1. INTRODUCTION

IN THE elementary beam theory, the slope of the beam is assumed small and its square is
neglected in the curvature equation, The theory no longer holds when the beam is bent
with large displacements,

Since the use of exact curvature formula complicates enormously the solution of the
governing differential equations, studies of large displacements have been concerned
mostly with single members and idealized loading and boundary conditions, The problem
of cantilever beams subjected to concentrated load and uniformly distributed loads were
investigated by Barton [1], Bisshopp and Drucker [2], Rhode [3], Scott and Carver [4].
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Simply supported beams were studied by Conway [5], Scott and Carver [4], Gospodnetic
[6]. Circular beams were studied by Seames and Conway [7] and Mitchell [8]. Numerical
analysis for such problems were performed by Iyengar [9], Seames and Conway [7], Wang,
Lee and Zienkiewicz [10] and Wang [11].

The extension of the above development to the solution of frame problems are, how
ever, limited to a few specially idealized cases. Kerr [12] studied a square frame loaded at
the midpoints of two opposite sides. Jenkins, Seitz and Przemieniecki [13] analyzed a
diamond-shaped frame loaded diagonally at two corners.

Because of the versatile nature of the finite element method, it seems desirable to
develop a finite element procedure for solving the large displacement problems of beams
and frames so that the frames with arbitrary geometry, complex loading and boundary
conditions can be treated straightforwardly. Tada and Lee [14] developed a beam finite
element and demonstrated a problem of a cantilever beam loaded at the free end. Instead
of using the conventional displacements and rotations as nodal degrees of freedom, they
adopted nodal coordinates and direction cosines of a tangent vector in the deformed con
figuration. The direction sines and cosines were expanded into Taylor series. The stiffness
matrices were obtained from the nonlinear equation of equilibrium by using Galerkin's
method. The iterative solution procedure was started with the computation of 16 co
efficients in the interpolation function and the assumption of all the nodal rotations. In
their example of the cantilever beam, 20 elements were used. Results were in good agree
ment with those given by Bisshopp and Drucker [2].

Aiming at a simpler formulation and procedure, also at less use of elements, a straight
forward matrix displacement finite element procedure is developed here. The conventional
stiffness formulation for small deflection is used. The effect of axial force is taken into
account by adding incremental stiffness or initial stress matrix to the stiffness equation.
The nonlinear load-displacement path is predicted by a linearized midpoint tangent
incremental procedure together with coordinate transformation at every step. Application
to examples of beams and frames demonstrates that the method is simple yet general and
the results are in reasonable agreement with alternative known solutions.

2, STIFFNESS FORMULATION

The present development is based on the assumption that the material is linearly elastic
and the displacements are not small in comparison with the length of the beam.

The solution procedure includes first formulating the stiffness equations for a beam
element based on the small deflection theory but with the inclusion of the effect of axial
force, then applying a linearized midpoint tangent incremental approach and coordinate
transformation at every step. If the displacements obtained at every step are small with
reference to the local coordinates such that the squares of the slope-increment are neg
ligible in comparison with unity, the small deflection theory should hold.

(a) The stiffness jormulation jor small deflection with respect to local coordinates

In the small deflection theory, the strain energy for an extensible beam segment shown
in Fig. 1 is given by

1 fL (C 2L')2 1 fL (OU)2
U = 2" 0 EI oi2 di+2" 0 EA oi d.~ (1)
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FIG.!. An inextensible beam segment with an axial force S.
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where x and yare the local coordinates and U and vare the axial and transverse displace
ments, respectively.

If an initial axial force S acts in the local x direction, the strain energy due to small
bending becomes

IfL (OZV)Z IfL (OU)Z SfL(OV)
U = 2: 0 El oxz dx + 2: 0 EA ax dx + 2: 0 ax dX. (2)

Since the curvature expression used in equation (2) is not exact, the equation is valid only
when the deflection is small with reference to the local coordinates x and y.

The displacement patterns for U and vmay be assumed, for small deflection, as

(3)

where ut , uz, Vt , Vz, 81 and 8z are the nodal displacements and rotations shown in Fig. 2.
Substituting equation (3) in (2) and performing partial differentiation with respect to

:Y, v

® r. Fx ,Uz'1 \..M,.e, ------' -'.'

F,., Vz

FIG. 2. Assumed degrees of freedom of a beam finite element.
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each of the six nodal degrees of freedom, the nodal force-displacement relationship is
obtained following the Castigliano's theorem,
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or symbolically
{P} = [[k] + [O'o]]{il} (4b)

where {p} and {il} are the force and displacement vectors at the nodes, respectively; [k]
is the stiffness matrix; and [0'0] is the initial stress or incremental stiffness matrix. Equation
(4a) was formulated previously by Gallagher and Padlog [15] for the solution of Euler
buckling load of a column.

(b) Coordinate transformation

In the present incremental procedure, local coordinates are chosen to represent the
individual element at every step. Each element formulation is then transformed from the
local coordinates to a set of convenient reference coordinates. Therefore, the applied
loads, boundary conditions, and the displacements are uniquely expressed in terms of the
reference coordinates.
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Figure 3 shows an arbitrarily oriented beam element and the two coordinate systems.
The nodal displacements in terms of local coordinates and reference coordinates are
related by the equation that

iii ..1. fJ. o~ U I

VI -fJ. ..1. 0: 0 VI,
· ()I()I 0 0 1 '· (5a)-----,,---------

U2 · ..1. fJ. 0 U2

V2 0 -fJ. ..1. 0 V2

()2 0 0 ()2

FIG. 3. Transformation from local (x, .ii) to reference (x, y) coordinates for a beam element.

or symbolically

{il} = [T]{q} (5b)

where;' = cos r:t and fl = sin r:t with IX being the angle of orientation of the beam as shown
in Fig. 3.

Because of the orthogonal property of the transformation matrix, it can be shown
that [16]

(k] = (TY [k] (T]

6x6 6x6 6x6 6x6
(6)

where [k] is the transformed stiffness matrix ofthe element in terms ofreference coordinates.
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Applying the transformation process as given by equation (6) to both the stiffness and
the incremental stiffness or initial stress matrix given by equation (4), the element force
displacement relationship is obtained in terms of the reference coordinates
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or symbolically

{p} = [[k] + [O'o]]{q] (7b)

In the case of inextensible bar, the axial rigidity EA can be assigned a very large value in
comparison with the flexural rigidity EI.

The overall stiffness equation obtained after the assemblage of individual element
formulations is presented here by using capital lettered symbols

{P} = [[K] + [I:o]H Q}. (8)
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(c) Midpoint tangent incremental procedure

The linearized incremental formulation can be obtained by applying an incremental
operator L.\ to equation (8),

(9)

or

(10)

where i is the step number. The axial force S in each element incremental stiffness or
initial stress matrix [0"0] is obtained as

S = Fx cos rt. +Fy sin rt.. (11 )

The angle rt. which defines the orientation of the straight beam element may be found by
setting

tan rt. = Y2 - Yl
X 2 -X I

(12)

where x and yare the reference coordinates of the two nodal points (subscripted as 1 and
2) found at the end of step i-I. The nodal forces Fx and F}. are calculated from the element
stiffness matrix [k] and the nodal displacements. It is seen in equation (4) that Fx and Fy

found at both nodal points are always equal in magnitude but opposite in sign. If the
structure considered is determinate, Fx and Fy can then be obtained from statics without
even using equation (4a).

One of the conveniences of the matrix displacement formulation as given by equation
(9) is that the given condition can be either load increments, or displacement increments,
or even the combination of both. Such conditions can be handled by rearranging and
partitioning the matrices and then dealing with the submatrix equations [16].

In equation (9) or (10), both the stiffness matrix [K] and the initial stress matrix [1:oJ
used in step i are based on the direction sines p. and cosines A calculated at step i-I.
Furthermore, the initial stress matrix [1:0] varies linearly with respect to the element axial
forces S which also depend upon the displaced configuration at the end of previous step.
If the nodal displacements {QJ at the end of step i can be assumed previously, a better
approximation can be achieved by using the values of S,}" and p. based on the average of
the displacements at the two steps. It is suggested here that an estimate may be made that

(13)

where f3 is the ratio between the load increment at step i and that at step i-I. The pro
cedure thus described is termed here as the midpoint tangent incremental approach.

It is interesting to examine the error introduced by the midpoint tangent incremental
approach. Figure 4 shows a load-displacement curve. The load and displacement are
denoted by ~ and 1], respectively. The true displacement vector at the end of step i may be
expressed by a four-term Taylor series

(14)
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FIG. 4. Errors of an ordinary incremental step and a midpoint tangent incremental step.

This indicates that the ordinary linear incremental approach induces in each increment
an error whose dominant terms are (see Fig. 4)

(15)

If the midpoint tangent incremental procedure is applied, the displacement vector at the
end of step i becomes

'7(~)+ L\~'7'(~ +!L\~) = '7(~)+ L\~'7'(~) +!L\e'7"(~)+ -kL\~V"(~)+. .. (16)

Comparing equations (16) and (14), the dominant term in error is seen to be

-1
t: = 24L\~3'7"'(~)' (17)

An investigation of the errors given by equations (15) and (17) reveals that the mid
point tangent incremental approach certainly results in less error than that obtained from
the ordinary incremental approach. A discussion of the first error term in equation (15)
was given in Ref. [17].

3. RESULTS AND EVALUATIONS

The formulation and procedure developed above have been applied to four problems
for which the alternative exact or approximate solutions are available for evaluation.

(a) A cantilever beam with a concentrated load at the free end

A cantilever beam, subjected at the free end to a concentrated load, was analyzed
with the results for vertical and horizontal displacements of the free end shown in Fig. 5.
Four finite elements were used. The size of increment at each step was progressively en
larged in accordance with a geometric series. These sizes are indicated by small dots in
Fig. 5. The employment of unequal load increments according to a geometric series was
suggested in Ref. [17].
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FIG. 5. Horizontal and vertical components of the free end displacements for a cantilever beam with
a concentrated load.

The results from an exact analytical solution in terms of elliptic integrals [2] are also
shown in Fig. 5 for comparison. Good agreement is indicated.

(b) A cantilever beam with uniformly distributed load

A cantilever beam subjected to uniformly distributed load was analyzed with the
results for vertical and horizontal displacements of the free end shown in Fig. 6. Again,
four finite elements were used. The sizes of the increment are indicated in the figure by
small dots.

For a cantilever beam subjected to uniformly distributed load, the differential equations
do not lead to any direct solution. Only approximate solutions are possible. Rhode [3]
expanded the slope term in a power series of the arc length to analyze the problem approx
imately. The results are shown in Fig. 6 for comparison. The agreement is reasonable.

(c) A diamond-shaped frame loaded diagonally at two joints

A diamond-shaped frame loaded by forces applied at a pair of diagonally opposite
joints is shown in Fig. 7. The two loaded joints are assumed to be hinged while the two
free joints are assumed to be rigid. This problem is similar to finding the deflection of a
cantilever beam loaded by an oblique (45°) concentrated load at the free end. It was con
sidered by Frish--Fay [9]. It was also studied extensively by Jenkins, Seitz and Przemieniecki
[13]. Jenkins et al. provided an analytical solution which was in good agreement with their
experimental results. Their results for the dimensionless horizontal elongation and vertical
contraction of the diagonals are shown in Figs. 7 and 8, respectively.

Because of symmetry, only a quadrant of the frame need be analyzed by the present
finite element approach and four elements were used. The results are shown in Figs. 7
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FIG. 6. Horizontal and vertical components of the free end displacements for a cantilever beam with

uniformly distributed loads.

and 8 where the dots indicate the increment sizes. It is seen that the present results are in
good agreement with those obtained analytically.

The displacement configuration at several loading stages were given in Ref. [13]. The
same shapes were also obtained in this study.
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(d) A square frame loaded at midpoints of two opposite sides

The fourth example considered was a square frame subjected to two forces applied at
the midpoints of a pair of opposite sides (see Fig. 9). An analytical solution and an ex
periment were provided for this problem by Kerr [12]. His results for the dimensionless
horizontal elongation and vertical contraction of the length between the midpoints of two
opposite sides are shown in Figs. 9 and 10 respectively.

Because of symmetry, only a quadrant of the frame need by analyzed by the present
finite element method and eight elements were used. The results are shown in Figs. 9 and
10 where the dots indicate the increment sizes. The agreement among the finite element
solution, the analytical solution, and the experimental solution shows that the present
approach is reasonable.

Typical deformed shapes for the square frame are shown in Fig. 11 for four different
loading stages.

4. CONCLUDING REMARKS

A beam finite element stiffness formulation which includes the effect of axial force and
coordinate transformation has been developed. The nonlinear path can be predicted by a
midpoint tangent incremental approach and coordinate transformation at every step.
The procedure is general yet simple to follow.

Because of the complexity of the nonlinear differential equations, analytical solutions
for the beam and frame problems may be obtained only for a few idealized cases. However,
four special cases have been chosen to evaluate the present formulation and procedure.
The present method has been shown to give reasonable solutions.
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With this development, the general large displacement problems of beams and frames
can be solved. The geometry, the loading, and the boundary conditions for such structures
can be completely arbitrary.
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A6CTpaKT-Pa3pa6aTbIBaeTCli nO,lJ,XO,lJ, B BH,lJ,e MaTpHl.\bl nepeMell\eHHH, ,lJ,JIlI aHaJlH3a ynpYfMX 6aJlOK H paM.

PaCCMaTpHBaeMble nepeMell\eHHlI He lIBJllIlOTCli MaJlbIMH no cpaBHeHHIO C ,lJ,JlHHOH 6aJlKH. llpe,lJ,CKa3bIBaeTCli

HeJlHHeil:Hali nyTbpaC'IeTa, Ha OCHOBe KOM6HHal.\HH HCnOJlb30BaHHlI nO,lJ,XO,lJ,a nOCTeneHHO HapaCTlilOll\eH

Cpe,lJ,Heil: TO'IKH KaCaTeJlbHoil: H npe06pa30BaHHlI KOOp,lJ,HHaT ,lJ,JllI KalK,lJ,OrO 3Tana. <l>OPMYJlHpOBKa H MeTO

,lJ,HKa HeCJlOlKHbI H JlerKO npHMeHHMbI. llpHMeHeHHe K Pll/IY npHMepOB 6aJlOK H paM YKa3bIBaeT 06ll\HOCTb

MeTO,lJ,a H yMepeHHble pe3YJlbTaTbI.


